We have constructed a four-fermion theory coupled to a YangMills-Chern-Simons gauge field which admits static multi-vortex solutions. This is achieved through the introduction of an anomalous magnetic interation term in addition to the usual minimal coupling, and the appropriate choice of the fermion quartic coupling constant. * e-mail : hjlee@theory.yonsei.ac.kr † e-mail : jylee@phya.yonsei.ac.kr ‡ e-mail : jhyee@phya.yonsei.ac.kr 1 Since the introduction of the Chern-Simons action [1] as a new possible gauge field theory in (2 + 1)-dimensional space-time, it has been successfully applied to explain various (2 + 1)-dimensional phenomena including the high T c superconductivity and the integral and fractional quantum Hall effects. The Chern-Simons term has also made it possible to construct various field theoretic models which possess classical vortex solutions with various physically interesting properties [2]- [10] . They include the relativistic [2] and non-relativistic [3] scalar field theories interacting with Abelian Chern-Simons fields, which admit static multi-vortex solutions saturating the Bogomol'nyi bound [4] that reduces the second-order field equations to the first-order ones. The vortex solutions have also been found for the scalar theories coupled to both the Maxwell and Chern-Simons terms [5] . Such theories with static votex solutions have also been extended by introducing supersymmetry [6] and by adding a new interaction term such as anomalous magnetic interation term [7] .
where γ matrices are chosen to be
in terms of the Pauli matrices σ i , the vector potentials are represented as antiHermitian matrices as
with the group generators T a satisfying
and the spinor field ψ transforms as an irreducible representation of the Lie group generated by T a . We introduce the covariant derivative D µ including both the usual minimal coupling and the magnetic moment interaction with the magnetic moment u [7] ,
where
The equations of motion are
Note that the anti-Hermitian matrix version of the current density reads
and the matter density is defined as
We will show that the system described by the Lagrangian (1) supports static vortex solutions. For this purpose, we choose the temporal gauge, A 0 = 0, and consider the gauge field A i to be static. We take the fermion field ψ in component form, ψ =
−iE f t , where E f is a constant, and 1 0
is the spin-up and 0 1 the spin-down Pauli spinors [8, 11] . The equation of motion (7) can then be written as coupled equations for ψ + and ψ − . If we choose the spinor field as
then the field equation (7) reduces to
due to the choise of γ matrices (2), and if we take
Eq.(7) reduces to
, 2 since we have chosen the gauge condition, A 0 = 0. Above equations show that the fermion fields, ψ + and ψ − , satisfy the self-dual equations.
From Eqs. (2), (11) and (14), we findψγ i ψ = 0 , which implies that ǫ 0ij D i (ψγ j ψ) = 0, for i, j = 1, 2. Then due to Eqs. (11) and (14), Eq. (8) reduces to
where (17) is the Gauss' law constraint. For the above two equations to be consistent constants u and κ must satisfy the condition
This shows that for the theory (1) to have consistent static field equations, one need to introduce the anomalous magnetic interation term. For the Eqs. (12) and (15) to be consistent with the Gauss' law constraint (17), the quartic coupling constant must satisfy,
and
which determine the constant E f for the solutions (11) and (14), respectively. The self-dual equations (13) and (16) then become
This result corresponds to the fermion version of the non-Abelian generalization [12] [13] of the Jackiw-Pi model [3] .
To solve the self-dual equations, we use the adjoint representation for the matter fields and define the matter field matrix Ψ by contracting the multiplet ψ with generators of the Lie algebra. We usually denote the representation of the generators by T a = T a (T a is (2i) −1 times the Pauli matrices or Gell-Mann matrices for SU(2) and SU(3), respectively):
In this representation, the self-dual matter field equation, for the ψ + field of Eq. (11), may be written as
where ∂ ± = ∂ 1 ± i∂ 2 and A ± = A 1 ± iA 2 . The matter density (10) then reads
and the Chern-Simons equation (17) becomes
For the field ψ − of Eq. (14), the equations may be written as
In order to find the solutions of these field equations we employ some standard Lie group notation [12] [13] . The group generators are given in the Cartan-Weyl basis, with the commuting set which comprises the Cartan subalgebra, denoted by H i = (H i ) † , and the ladder generators denoted by E ±n = (E ∓n ) † . The index i ranges over the rank r of the group, while n ranges up to s such that 2s + r = d, the dimension of the group. It is always possible to select an r-member subset of the ladder operators that satisfy
and the v i n = −v i −n comprise s real "root vectors" for n = 1 · · · s with r components, i = 1 · · · r. Introducing a new symbol, e α = c α E α such that c α is a numerical factor, we have [e α , e
K αβ is called the Cartan matrix. Now we will show that a special Ansätz reduces the self-dual equations to integrable nonlinear equations. This is achieved by using the field decomposition in the form,
u α e α (37)
For the ψ + field, the self-dual matter field equation reads
This equation can be solved for A * α :
Similarly, for the ψ − field, we find,
The Chern-Simons equations, Eqs (27) or (30), can then be written, by virtue of (38) and (39), as
where ρ α ≡ u † α u α for this representation. From Eq.(44) and Eq. (41) or (43), we finally find that the matter density ρ α satisfies the Toda equation,
where the ± signs are for the solutions for the cases (11) and (14), respectively. From this Toda equation, we can find the solutions for the general gauge group SU(N).
This shows that one can find the solutions for the self-dual equations of the theory (1) for general group SU(N). The total energy of the system can be written as
where ψ † ± ψ ± = i ψ †i ± ψ i ± with i denoting the components of the field multiplet, and we have used the Gauss' law constraint and the consistency condition (19) and (20) . Note that these consistency conditions are such that all the quartic interaction terms in the Hamiltonian cancell out as in the Jackiw-Pi model.
The Toda equation (45) for general SU(N) is not soluble in closed form. For the case of SU (2), however, Eq.(45) reduces to the Liouville equation,
which is completely integrable.
If we take the case of Eq. (11), ρ α becomes ρ + and κ < 0 is required in order to have nonsingular positive charge density ρ + . If we take the case of Eq. (14) , on the other hand, ρ α = ρ − and κ > 0 is required for the nonsingular density ρ − . That is, both solutions involve only one of the (2 + 1)-dimensional spinor field components, depending on the sign of κ. This corresponds to the embedding of U(1) into SU(2).
The most general circularly symmetric nonsingular solutions to the Liouville equations (47) involve two positive constants r ± and N ± [3] :
where r ∓ are scale parameters and the (−) sign for the negative κ and the (+) sign for the positive κ. To fix N ± , we observe that regularity at the origin, ρ ± ∼r
as r→0, and at infinity, ρ ± ∼r −2N ± −2 as r→∞, requires N ± ≥1. Especially for singlevaluedness of ψ ± , N ± must be an integer [11, 13] . The total charge of the soliton is then given by
which is the same as that of ref.
[12] [13] . From the solution (48), for the SU(2) case, the total energy of the system can be shown to be
We have thus extended the four-fermion theory coupled to Maxwell-Chern-Simons field [11] , which admits static multi-vortex solutions, to the one with non-Abelian symmetry. We have shown that this non-Abelian model also admits the multi-vortex solutions. This is achieved through the introduction of an anomalous magnetic interation term in addition to the conventional minimal gauge coupling, which is responsible for the right-hand side of Eq.(18) that guarantees the consistent Gauss' law constraint, Eq.(17). Although the multi-vortex solutions for the SU(2) case are the same as those of Jackiw-Pi model, the moduli space dynamics [14] of these solutions will be quite different due to the Maxwell term in the Lagrangian which is quadratic in time derivatives of the gauge field.
